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Abstract. The work uses the Green’s function method to solve the three-dimensional convective wave equation 

for a straight channel of a ground heat exchanger of arbitrary but constant cross-sectional shape, which models the 

propagation of thermoacoustic wave formations in the specified channel. In this case, the channel walls can be 
acoustically rigid, acoustically soft, or have mixed acoustic properties. The Green’s function is represented by a 

series of acoustic modes of the channel. Each member of the series is, in turn, a superposition of forward and 

backward waves propagating in the corresponding mode down and up the heat carrier flow from a single point 

impulse acoustic source. In such a constructed model of thermoacoustic excitations of the ground heat exchanger 

channel using the Green’s function, the effects of uniform averaged flow in the channel of a nonlinear structured 

heat carrier are reflected. In the absence of flow in the heat exchanger channel, the Green’s function is symmetric 

with respect to the specified cross-section. Based on this approach, Green’s functions of the three-dimensional 

convective wave equation for straight channels of a ground heat exchanger with a circular cross-section were 

obtained. The use of a special transformation allows the reduction of the one-dimensional Klein-Gordon 

convective equation to its classical one-dimensional analogue, which has a known solution. Within the framework 

of models for describing the rheological properties of nonlinear viscoplastic fluids, which combine plasticity and 

anomalous viscosity in a nonlinear degree, it is possible to use them directly in momentum and energy transfer 
equations. The energy efficiency of using tubular ground heat exchangers for highly viscous heat transfer fluids 

(e.g., propylene glycol-based nanofluids) and the influence of structural nonlinearity on the Nusselt number during 

the operation of such energy-saving systems in indoor sports facilities have been determined. 

Keywords: heat pump systems, energy efficiency, microclimate, heat and mass transfer, non-linear structured 

fluid carriers, microclimate control systems for sports facilities, thermoacoustic wave generation. 

Introduction 

The study of thermal and thermoacoustic fields in ducts of various geometries is of great interest to 

the utilities sector. This is especially true for ground-source heat exchangers used in heat pump heating 
systems of indoor sports facilities [1-3]. Such systems provide energy-efficient operation of buildings. 

All these problems are fundamentally solved using the Green’s function method [4]. However, deriving 

this function is a difficult task. It depends on many factors: channel geometry, cross-section shape, wall 

properties, external and internal environments, acoustic conditions, initial and boundary conditions, as 
well as flows inside the channel and in the surrounding soil. In most previous studies, the Green’s 

function for the wave and Helmholtz equations was derived without considering fluid flow [5; 6]. At the 

same time, for ground heat exchangers the effects of internal heat carrier flow and external soil 
movement (landslides, groundwater) play a key role. This is particularly important when using a 

hyperbolic heat conduction model that accounts for the finite speed of heat propagation. In this study, 

previous results on the Green’s function for the hyperbolic heat conduction equation are developed and 
generalized. For the first time, the influence of both the internal flow of the heat transfer fluid and the 

movement of the surrounding soil is explicitly taken into account. A straight channel with a circular 

cross-section is considered as a model. The resulting temperature fields clearly depend on the flow 

parameters inside the channel and outside it. A hyperbolic heat conduction model is used [7; 8].  

In earlier works [9-11], the effect of flow on the Green’s function was considered mainly implicitly. 
This shortcoming was partially addressed in publications [12-14], where the Green’s function was 

derived for an infinite rigid-walled channel with uniform internal flow (circular and rectangular cross-

sections). Author [15] further developed these results, but studied only acoustic fields. For thermal fields 

in the hyperbolic transport model that simultaneously accounts for both internal coolant flow and 

external soil flow, similar studies have not been conducted before.  

The aim of this work is to justify the algorithm for constructing the Green’s function of the three-

dimensional convective wave equation for a straight circular channel of a ground heat exchanger. This 

is done to model and analyze energy-efficient heat and mass transfer processes in nonlinear structured 
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heat transfer fluids, taking into account internal and external flows within the hyperbolic transport 

model. 

Materials and methods 

Heat pumps with ground-source heat exchangers provide low-temperature heating for indoor sports 
facilities by utilizing the stable, low-grade heat of the ground. Such systems are particularly effective 

for maintaining the indoor climate in sports halls (temperature 18-22 °C), reducing energy costs by 40-

60% compared to traditional heating and improving the energy efficiency of buildings in rural areas. 

The efficiency of heat pump systems directly depends on heat transfer processes in the ground heat 
exchanger-storage unit, from which the heat pump extracts heat and transfers it to the heating circuit. 

Standard calculations for ground-based heat exchangers in heat pump heating systems include 

calculations based on the average heat flow per 1 m2 or 1 m3 [1; 8; 9]. However, full hydrodynamic and 
thermal calculations of the heat exchanger are not performed. To accurately analyze these processes, 

this study applies the Green’s function method to the three-dimensional convective wave equation, 

taking into account the internal flow of a nonlinearly structured heat transfer fluid.  

In this study, a hyperbolic heat conduction equation was derived that accounts for the flow of a 

heat-carrying fluid in a cylindrical pipe with a circular cross-section, which moves along its horizontal 

axis Oz at a velocity 𝑈⃗⃗  (Fig. 1). The magnitude of this velocity is determined by the rheological model 

of the heat transfer fluid itself and the assumed boundary conditions on the pipe walls. Additionally, the 

motion of the surrounding soil of the heat exchanger – the soil medium – at a velocity 𝑣  is taken into 

account, which creates an additional external heat flux 𝑞  on the pipe surface.  

 

Fig. 1. Finite straight channel with a circular cross-section and length l 

The solution of the hyperbolic heat conduction equation was obtained in a cylindrical coordinate 

system using the Green’s function method. This solution is based on the hyperbolic theory of heat 

conduction, which takes into account the finite speed of heat propagation. It allows more accurate 

determination of strength standards for ground heat exchanger pipelines during system startup, 
shutdown, and flow reversal (for maintenance, repairs, and diagnostics). It also helps optimize heat 

extraction and transfer modes without disrupting the normal operation of buildings and structures [16]. 

Based on the hyperbolic Fourier–Lykov law with the thermal relaxation time 𝜏𝑟 , and considering both 
soil movement and internal coolant flow, a non-homogeneous Klein–Gordon equation in cylindrical 

coordinates (𝑟, 𝜑, 𝑧) was derived [6; 7; 16]. To account for internal flow, a convective substitution of 

time-derivative operators was performed, and the thermal Mach number was introduced: 

  

(1)

 

and the transition to dimensionless variables has been made: 

 

 (2)

 

where 𝑇 – temperature of the coolant, °C. 

This allowed the equations to be reduced to their classical form without convective terms. The 

solution to the equations was obtained using the Green’s function method for a finite circular cylinder 

under various boundary conditions, typical for real operating conditions of ground heat exchangers. 

Next, a circular cylinder of finite length l is considered. Since  
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then, by specifying the boundary and initial conditions for 𝜃(𝑟, 𝜑, 𝑧, 𝑡), the corresponding boundary and 

initial conditions for the true temperature 𝑇(𝑟, 𝜑, 𝑧, 𝑡)  can be found using the given exponential 

transformation. The methodology for calculating transport systems and the optimal design of tubular 
heat exchangers was originally implemented by the author in the FORTRAN programming language. 

We modified these programs and switched to the MATHCAD algorithmic language [4; 5; 16]. 

To analyze the influence of the coolant’s rheological properties on the average flow velocity 𝑈, 

several models of non-Newtonian fluids were considered: the Shvedov–Bingham model, the Ostwald–

de Villiers (power-law) model, the Ellis model, and the model of a fluid with structural viscosity. For 
each model, the average flow velocity was determined and the heat transfer intensity (Nusselt numbers) 

was evaluated under laminar flow conditions, including non-isothermal flow. For structurally viscous 

fluids, the heat transfer process was analyzed in the boundary layer near the pipe wall. 

Results and discussion 

Green’s functions for various boundary value problems. The domain is 0 ≤ 𝑟 ≤ R, 0 ≤ 𝜑 ≤ 2 𝜋, 

0 ≤  𝑧̅ ≤ 𝑙. The first boundary value problem. The following conditions are given: 

  

(3)

 

Here, the Green’s function takes the following form: 

  

 
, (4)

 

where
   
𝐼𝑛(𝜉) – Bessel function of the argument (𝜉); the bar above the function denotes the 

derivative with respect to that specific argument;  

 𝜇𝑛𝑚 – positive roots of the transcendental equation 𝐼𝑛(𝜇𝑅) = 0. 

The domain is 0 ≤ 𝑟 ≤ 𝑅, 0 ≤ 𝜋 ≤ 2 𝜋, 0 ≤  𝑧̅ ≤ 𝑙. Second boundary value problem. The following 

conditions are given: 

  (5)

 

Here, the Green’s function takes the following form: 

(6)

 

{
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where

 
   

𝐼𝑛(𝜉) – Bessel function of the argument (𝜉); the bar above the function denotes the 

derivative with respect to that specific argument;  

 𝜇𝑛𝑚 – positive roots of the transcendental equation 𝐼𝑛(𝜇𝑅) = 0. 

The domain is 0 ≤ 𝑟 ≤ R, 0 ≤ 𝜑 ≤ 2 𝜋, 0 ≤  𝑧̅ ≤ 𝑙. Third boundary value problem. The following 

conditions are given:  

 

{
  
 

  
 𝛩 =  𝑓0(𝑟, 𝜑, 𝑧̅) when 𝑇̅ =  0; 

𝜕 𝛩

𝜕𝑇̅
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  (7) 

The Green’s function takes the following form: 

, (8) 

where 

    
 𝐼𝑛(𝜉) – Bessel function;  

 𝜇𝑛𝑚  and 𝛽𝑆 – positive roots of the corresponding transcendental equations: 

  

Domain: 0 ≤ 𝑟 ≤ R, 0 ≤ 𝜑 ≤ 2 𝜋, 0 ≤  𝑧̅ ≤ 𝑙. Mixed boundary value problems.  
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(10)

 

 

where  

  
 𝐼𝑛(𝜉) – Bessel function; 

 𝜇𝑛𝑚 – positive roots of the transcendental equation 𝐼𝑛(𝜇𝑅) = 0. 

B. Given conditions: 

  

(11)

 

In this case, the Green’s function takes the following form: 

  

(12)

 

where  

 
 𝐼𝑛(𝜉) – Bessel function; 

 𝜇𝑛𝑚 – positive roots of the transcendental equation 𝐼𝑛 ′(𝜇𝑅) =  0. 

Analysis of the influence of the parameters of the rheological model of the heat transfer fluid 

flowing in a ground heat exchanger on the average flow velocity 𝑈⃗⃗ . For Shvedov-Bingham fluids, the 

average velocity 𝑈 is determined using the Buckingham equation, and heat transfer is estimated using 

empirical relationships for Nusselt numbers at 𝑇𝑤 = const. The Buckingham equation for this rheological 

model can be written in another form: 

   
(13)

 

where 𝑊 = 𝑈 – average flow velocity in the pipe for a given rheological model; 

 𝜏 – shear stress, Pa;  

 𝜏0 – dynamic yield shear stress, Pa; 

 𝜂 – plastic viscosity, Pa·s;  

 𝐷 – pipe diameter, m. 

When calculating heat transfer for non-Newtonian fluids, the following empirical equations apply 

for calculating the average Nusselt number (𝑁𝑢𝑚𝑖𝑑) or its local value at the end of the pipeline (𝑁𝑢): 
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𝜕 𝛩

𝜕𝑇̅
 =  𝑓1(𝑟, 𝜑, 𝑍̅) when 𝑡 =  0;
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𝜕𝑟
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𝛩 =  𝑔3(𝑟, 𝜑, 𝑇̅) when 𝑍̅ =  𝑙
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𝐴𝑛 ∙ 𝜇𝑛𝑚
2 ∙ 𝐼𝑛(𝜇𝑛𝑚𝑟) ∙ 𝐼𝑛(𝜇𝑛𝑚𝜉)

(𝜇𝑛𝑚2 ∙ 𝑅2 − 𝑛2) ∙ [𝐼𝑛(𝜇𝑛𝑚 ∙ 𝑅)]2 ∙ √λ𝑛𝑚𝑘
 x

∞

𝑘 = 1

∞

𝑚 = 1

∞

𝑛 = 0

 

x cos[𝑛 ∙ (𝜑 − 𝜂)] ∙ sin (
𝑘𝜋𝑍̅

𝑙
) ∙ sin (

𝑘𝜋𝜁

𝑙
) ∙ sin(𝑇̅ ∙ √λ𝑛𝑚𝑘) 

 

 

𝛽𝑘  =  
𝑣𝑡
2 ∙ 𝑘2 ∙ 𝜋2

𝑙2
 +  𝑏, λ𝑛𝑚𝑘  =  𝑣𝑡

2 ∙ 𝜇𝑛𝑚
2 +  

𝑣𝑡
2 ∙ 𝑘2 ∙ 𝜋2

𝑙2
 +  𝑏, 

𝐴 =  {
1 when 𝑛 =  0;
2 when 𝑛 >  0;

 

 

𝑊 =  𝑈 =  
𝐷 ∙ 𝜏

8 ∙ 𝜂
∙ [1 −

4𝜏0
3𝜏

 +  
𝜏0
4

3𝜏4
] 
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(14)

 

  

(15)

 

where ɤ – viscosity of the fluid at the average flow temperature (𝑇𝑚𝑖𝑑); 

 ɤ𝑚 – same but at the pipe wall; 

 𝛿 = (3n’ + 1)/(4n’);  

 n’ – fluid behavior index under conditions at the pipe wall; 

 {𝐺 ∙ (𝑧̿)} =  𝐺𝑐𝑝/(𝜆 ∙ 𝑙) – Gretz number;  

 𝐺 – mass flow rate of the fluid, kg·h-1; 

 𝑐𝑝 – specific heat capacity of the fluid, J·kg-1·K-1; 

 𝜆 – thermal conductivity, W·m-1·K-1;  

𝑙 – length of the section for which the average Nusselt number (𝑁𝑢𝑚𝑖𝑑) or its local value 

at the end (𝑁𝑢) is determined, m. 

For an Ostwald-de Villiers pseudoplastic fluid [17], the average velocity U is expressed in terms of 

the pressure drop ∆𝑃. 

  
(16)

 

where ∆𝑃 = 𝑃0 − 𝑃1 – pressure drop in the pipe (the difference in pressure at the inlet z = 0 and 

the outlet 𝑧 = 1 of the pipe);  

 𝐾 = 𝑚 – fluid consistency. 

Similarly, for the Ellis model [16-18], expressions for U have been derived that account for the 

viscosity parameters of the coolant at zero shear rate η0 and the shear stress value at 𝜂 = 𝜂0/2 − 𝜏1/2  

 

, (17)

 

where  

 

.

 

In the case of non-isothermal flow of a pseudoplastic fluid, the velocity profile 𝑣𝑧(𝑟) and the 
average velocity U are determined using the zonal method or analytically for a constant behavior index 

𝑛. When 𝑛 = 1, the results agree with the standard formulas for a Newtonian fluid. For structurally 

viscous fluids (𝑃𝑟 ≫ 1), the energy equation is solved in the boundary layer for the conditions 𝑇𝑤 = const 

and 𝑞𝑤 = const. Local and average Nusselt numbers are obtained. The local value of the Nusselt criterion 

and the average value of the Nusselt criterion over the length 𝐿 for 𝑇𝑤 = const: 

 , (18)
 

 . (19)

 

The coefficient 𝜒̅ accounts for the structural-viscous properties of the medium with linear (𝑛 = 1), 

quadratic (𝑛 = 2), and so on, flow laws. 

The local value of the Nusselt criterion and the average value of the Nusselt criterion over the length 

𝐿 for 𝑞𝑤 = const: 

 , (20)
 

𝑁𝑢𝑚𝑖𝑑  =  1.75 ∙ 𝛿
1
3{𝐺(𝑍̅)}

1
3 ∙ (

ɤ

ɤ𝑚
)
0.14

 ; 

𝑁𝑢 =  1.20 ∙ 𝛿
1
3{𝐺(𝑍̅)}

1
3 ∙ (

ɤ

ɤ𝑚
)
0.14

 ; 

𝑈 =  
(𝑆 +  1)

(𝑆 +  3)
∙ 𝜗𝑚𝑎𝑥 =  

(𝑆 +  1)

(𝑆 +  3)
∙

𝑅

(1 +  𝑆)
∙ (
𝑅 ∙ ∆𝑃

2𝑚 ∙ 𝑙
)
𝑆

, 𝑆 =
 1

𝑛
, 

𝑈 =  
1

2
∙ 𝜗𝑚𝑎𝑥 ∙ [1 +  

4

(3 +  ∝)
∙ (
𝑅 ∙ ∆𝑃

2𝑙 ∙ τ0,5
)

∝−1

] / [1 +  
2

(1 +  ∝)
∙ (
𝑅 ∙ ∆𝑃

2𝑙 ∙ τ0,5
)

∝−1

] 

𝜗𝑚𝑎𝑥  =  𝜗(𝑧)|𝑟 = 0 =  
𝑅2 ∙ ∆𝑃

4𝑙 ∙ 𝜂0
∙ [1 +  

2

(1 +  ∝)
∙ (
𝑅 ∙ ∆𝑃

2𝑙 ∙ τ0,5
)

∝−1

] 

𝑁𝑢𝑥  =  1.07(𝜒̅ ∙ 𝑃̃ ∙
𝐷 

𝑥
)1/3 

< 𝑁𝑢 >  =  1.62(𝜒̅ ∙ 𝑃̃ ∙
D 

L
)1/3  

𝑁𝑢𝑥 =  1.29(𝜒̅ ∙ 𝑃̃ ∙
D 

x
)1/3 
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 . (21)

 

Thus, calculations show that the ratio of the heat transfer coefficients of fluids with structural 

viscosity to those of ordinary Newtonian fluids at identical values of 𝑃̃·D/L and under boundary 

conditions of both the first type Tw = const and the second type qw = const will be: 

 𝑁𝑢/𝑁𝑢0 =  (𝜒̅)1/3  (22) 

The value of 𝜒̅, calculated for a series of structurally viscous fluids, did not exceed 1.3. Therefore, 

it should be expected that the values of the Nusselt criteria for such media under quasi-isothermal flow 

conditions will differ from their values for ordinary Newtonian fluids by no more than Δ = (𝑁𝑢 – 𝑁𝑢0)/ 
𝑁𝑢0= 𝑁𝑢/𝑁𝑢0–1. Table 1 lists the values of 𝑁𝑢/𝑁𝑢0 for various 𝜒̅ and the corresponding Δ, %. 

An analysis of the results presented in Table 1 shows that significant differences in (𝑁𝑢/𝑁𝑢0) and 

Δ, % occur for fluids with structural viscosity, in which the coefficient 𝜒̅ – which accounts for the 

structural-viscous properties of a medium with nonlinear flow laws – exceeds 3.0, because when 𝜒̅ > 3.0, 

𝑁𝑢/𝑁𝑢0 = 1.442... 2.714, Δ = (44.2…171.4)%. In this case, 𝜒̅ ∈ [3.0; 20.0]. Therefore, as a heat transfer 

fluid that carries heat in the pipeline, non-Newtonian viscous fluids with 𝜒̅ ≥ 3.0 should be selected, 

which will significantly increase heat transfer from the soil surrounding the pipeline (by more than 44 to 

172%). 

Table 1 

Values of the 𝑵𝒖/𝑵𝒖𝟎 criterion; Δ, % for various 𝝌̅. 

𝛘̅. 𝑵𝒖/𝑵𝒖𝟎 Δ, % 

1.5 1.1445 14.5 

2.0 1.260 26.0 

3.0 1.442 44.2 

5.0 1.710 71.0 

7.0 1.913 91.3 

10.0 2.154 115.4 

20.0 2.714 171.4 

Energy efficiency of using tubular heat exchangers for high-viscosity non-Newtonian fluids. The 

energy assessment is based on relationships that characterize the rate of energy dissipation under varying 
properties. The direction of the heat flux is decisive in this case. When the coolant is heated, energy 

dissipation has a positive effect: the Nusselt numbers increase and hydraulic resistance decreases. 

During cooling, the effect is negative (Fig. 2). The following symbols are used in Fig. 2: 𝑊̅𝑟𝑤 – the 

average value of dissipated energy (caused by friction between layers of the heat transfer fluid) when 

the fluid comes into contact with the pipe walls; 𝐾̅ – a coefficient that is a function of the Peclet number, 

the pipe diameter, and its length, i.e., 𝐾̅ = (𝑃𝑒, 𝐷, 𝐿); 𝑊𝑤 – heat release from the wall; 𝑊̅ – the average 

density of internal heat sources per unit volume. 

 

Fig. 2. Effect of frictional heat (energy dissipation) on Nusselt numbers (solid curves) and 

hydraulic resistance coefficients 𝑪𝒇 (dashed curves) at 𝑻𝒘 = const (first-kind boundary 

conditions) for non-Newtonian fluids: I – cooling; II – heating 

< 𝑁𝑢 >  =  1.93(𝜒̅ ∙ 𝑃̃ ∙
D 

L
)1/3  
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For a quantitative assessment, the parameter 𝑘𝑜  should be introduced, which is equal to the ratio of 

the amount of heat transferred to the energy expended for this purpose. It is precisely this parameter, 

albeit in a slightly modified form, that was used by the authors of [18; 19] for comparative evaluations 
of various heat exchange surfaces. The main advantage of this coefficient is that it characterizes the heat 

exchanger according to its direct technological purpose: to transfer heat with the minimum possible 

energy consumption. This coefficient  𝑘𝑜can be easily converted into a form convenient for analysis by 

using the approach from [20]: 

 

, (23)

 

where 𝑃𝑒 – Péclet number; 

𝐷 – diameter of the pipeline, m; 

𝐿 – length of the pipeline, m; 

𝑐𝑓̅
𝑛𝑖𝑠 – average value of the hydraulic resistance coefficient under non-isothermal flow 

conditions; 

𝑐𝑓𝑜
𝑖𝑠′ – hydraulic resistance coefficient under isothermal flow conditions at the heat 

carrier inlet; 

𝐵𝑟0
∗ – Brinkman number determined using the parameters at the heat carrier inlet to the 

pipeline 𝐵𝑟0
∗ =  𝜇0

∗ ∙ 𝑈2/λ ∙ (𝑇0−𝑇𝑤) 

where 𝜇0
∗  – pseudoplastic viscosity of the heat carrier at the pipeline inlet, Pa·s; 

𝑈 – average flow velocity over the circular cross-section of the pipeline, m·s⁻¹; 

𝑇0 – temperature at the pipeline inlet, °C; 

𝛩 ̅ = ( 𝑇 − 𝑇𝑤)/( 𝑇0 − 𝑇𝑤) – average mass (bulk) temperature. 

From equation (23) it is clear that when 𝛩 ̅ > 1, 𝑘𝑜< 0, i.e. during cooling of the pipeline wall the 

liquid heats up and, accordingly, implementation of the process in the given direction is impossible. 

When  𝑘𝑜< 1 this process is energetically unprofitable, since the energy expenditure exceeds the amount 

of heat transferred. The results of determining  𝑘𝑜using formula (23) provide a clear illustration of the 
role of the heat flux direction, as well as the non-Newtonian properties of the heat carrier: plasticity and 

nonlinearity of the flow curve (Fig. 3). 

 

Fig. 3. Dependence of 𝒌𝒐 on pipe length for heat transfer conditions  

(first-kind boundary conditions 𝑻𝒘 = const) when the coolant is heated 

For 𝐵𝑟0
∗ ≈ 0.5 and at coolant flow rates and pipe diameters typically encountered in practice, the 

curves of the dependence  𝑘𝑜= f((1/ 𝑃𝑒)·( 𝑋/𝐷)) lie within the range shaded in Fig. 3. That is, the 

parameter (1/ 𝑃𝑒)·( 𝑋/𝐷), where 𝑋 is the length of the pipeline in the longitudinal direction along its 

axis, takes values from 10-4 to 10-2, and  𝑘𝑜varies from 3…8 to 0. In the practical operation of ground-

coupled tube heat exchangers, both types of boundary conditions are most commonly encountered. 
However, once the system has completed its break-in period and reached steady-state operation, the 

second type of boundary conditions more closely reflects the actual operating conditions. The third type 

of boundary conditions occurs at the beginning of the heat exchanger operating season, when conditions 

have not yet stabilized. 

𝑘𝑄 =  
𝑃𝑒 ∙

𝐷 
𝐿
(1 − 𝛩̅)

32 (
𝑐𝑓̅
𝑛𝑖𝑠

𝑐𝑓𝑜
𝑖𝑠′ )𝐵𝑟0

∗

 

𝒌𝒐 

(1/ 𝑃𝑒)·( 𝑋/𝐷) 
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Conclusions 

The Green’s function was derived, and analytical solutions to the three-dimensional convective 

wave equation for a straight channel of a ground heat exchanger were obtained, taking into account the 

effect of internal coolant flow for boundary value problems of various types. A detailed analysis was 
conducted of the influence of the parameters of the coolant’s rheological models (Shvedov–Bingham, 

Ostwald–de Villiers, Ellis, and structurally viscous fluid) on the average flow velocity and heat transfer 

intensity. It has been established that for structurally viscous fluids at 𝑛 > 3, heat transfer increases by 

44-172% compared to Newtonian fluids. The energy efficiency of tubular heat exchangers was evaluated 

using the  𝑘𝑜parameter. It has been established that when the heat transfer fluid is heated (𝑇𝑤 = const) 

and for typical values of 𝐵𝑟0* ≈ 0.5, the 𝑘𝑜parameter varies between 3 and 8 for small values of  

(1/ 𝑃𝑒)·( 𝑋/𝐷) (from 10⁻⁴ to 10⁻²), which confirms the energy efficiency of the process. When the 

coolant is cooled, 𝑘𝑜becomes less than 1, making the process energetically unprofitable. Use straight-
tube ground heat exchangers with a circular cross-section and constant diameter. Use non-linear 

structured fluids with a coefficient of 𝑛 ≥ 3.0 (e.g., propylene glycol-based nanofluids) as the heat 

transfer fluid. Operate primarily in heat transfer fluid heating mode at 𝐵𝑟0* ≈ 0.5. It is essential to 
account for the movement of the surrounding soil and dynamic operating modes (start-up, shutdown, 

reverse flow) when designing piping systems. Adhering to these recommendations allows for improved 

energy efficiency of heat pump systems for indoor sports facilities. 
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